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One form of the celebrated theorem of Beurling states that if M is a
z-invariant subspace of the Hardy space H 2 and PM is the orthogonal
projection from H 2 onto M , then g = PM(1) is either a generator of
M (that is M = gC[z]) or g = 0. In the latter case there is an n such
that PM(zn) generates M . If M is a z-invariant subspace of the Bergman
spaceA2 which has the codimension 1 property (or, equivalently, is singly
generated), the same result holds. This was proved in the recent paper
[1]. Furthermore, the Bergman kernel centered at any point of the unit
disk satisfies the same property for A2 (and the Cauchy kernel for the
H 2 setting). Namely, the A2-orthogonal projection of a kernel function
into any singly generated z-invariant subspace is either a generator for
this subspace, or identically equal to zero. This can be deduced from the
above by a change of variables. Below we write the explicit expression
of this projection in terms of weighted reproducing kernels.
We call a function which satisfies the above property a projective
generator. This paper, which grew out of the authors’ attempt to better
understand factorization in the Bergman space, addresses the question
of describing all projective generators of A2 (and H 2). One possible
generalization of this question is the following. Given a Bergman
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function g let [g] stand for the minimal closed z-invariant subspace of
the Bergman space which contains g.
DEFINITION. – A function f ∈ A2 (respectively, H 2) is called a
projective generator of defect n if
codim[g][P[g]f ]6 n
for any g ∈ A2 (respectively, H 2) such that P[g]f 6= 0, and if equality
holds for some g.
We want to describe projective generators of defect n. The main result
of this paper is the following theorem.
THEOREM 1. – If f is a projective generator of defect n in A2
(respectively, H 2), then f is a rational function which is a linear
combination of Berqman kernels
1
(1− a¯1z)2 , . . . ,
1
(1− a¯kz)2 ,
where a1, . . . , ak ∈∆ and k 6 (n+ 1) (Cauchy kernels in the H 2 case).
As a direct corollary to this theorem we obtain a complete characteri-
zation of projective generators (of defect 0).
THEOREM 2. – A function f is a projective generator of A2 (respec-
tively, H 2) if and only if f = c
(1−w¯z)2 (f = c1−w¯z ), for some w ∈ ∆ and
complex number c.
The structure of this paper is as follows. In Section 1 we state the
necessary background results. This section is included to make the
presentation self-contained. Section 2 is devoted to the main lemma, and
the proof of the theorem is in Section 3.
1. Background results
The first result is related to the classical Pick Theorem.
PROPOSITION 1 ([5, p. 138]). – Let z1, . . . , zN be distinct points in the
unit disk∆, and let w1, . . . ,wN be complex numbers. Among all f ∈H∞
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such that
f (zj )=wj, 16 j 6N
there is a unique function f of minimal H∞-norm. This function has the
form cB(z) where B(z) is a Blaschke product of degree at most (N − 1)
and c ∈C.
When z1, . . . , zN are not necessarily distinct, the result holds with
the following standard agreement. If z1 = z2 = · · · = zk = a, then the
interpolation function f satisfies
f (j−1)(a)=wj, j = 1,2, . . . , k.
It follows from the proof of Proposition 1 that for every z =
(z1, . . . , zn) ∈ ∆n (as usual ∆n stands for the n-dimensional polydisk
{z = (z1, . . . , zn): |zj | < 1}) the mapping Fz from CN into H 2 (or A2)
given by
Fz(w1, . . . ,wN)= cB(·)
is continuous.
We will also need the classical Borsuk–Ulam theorem (cf. [7, p. 266]).
PROPOSITION 2. – Given a continuous map f :Sn→ Rm for n > 1,
n>m, there exists x ∈ Sn such that f (x)= f (−x).
As a direct corollary of this result we obtain that any continuous odd
(that is f (z)= −f (−z)) mapping of an n-dimensional sphere into Rm,
m6 n vanishes at some point of the sphere.
Fisher and Micchelli [4] were the first to realize that this combination
of results could be used in complex approximation. They used it to obtain
a sharp lower estimate for n-widths of classes of holomorphic functions.
In the proof of Lemma 2 below we use the same approach.
2. The main lemma
Let g be an H∞-function, and let Kg(z,w) denote the weighted
reproducing kernel with the weight |g|2. Then for any A2-function ϕ and
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any z ∈∆, we have
ϕ(z)=
∫
∆
ϕ(w)Kg(w, z)
∣∣g(w)∣∣2 dA(w),
where dA is the normalized Lebesgue area measure.
LEMMA 1. – Let g ∈ H∞, a ∈ ∆ and g1(z)= g(z) z−a1−a¯z . Then for all
z,w ∈∆ the following relation holds:
w¯− a¯
1− aw¯
z− a
1− a¯zKg1(z,w)=Kg(z,w)−
Kg(a,w)
Kg(a, a)
Kg(z, a).(1)
Proof. – For any A2-function f (z) and any z ∈∆ we have
f (z)
z− a
1− a¯z =
∫
∆
f (w)Kg1(w, z)
z¯− a¯
1− az¯
∣∣g1(w)∣∣2 dA(w)
=
∫
∆
f (w)
w− a
1− a¯w
z¯− a¯
1− az¯
w− a
1− a¯wKg1(w, z)
∣∣g(w)∣∣2 dA(w).
This shows that the function z−a1−a¯z
w¯−a¯
1−aw¯Kg1(z,w) has the reproducing
property with the weight |g(z)|2 for any function from the z-invariant
subspace of functions vanishing at a. Hence,
z− a
1− a¯z
w¯− a¯
1− aw¯Kg1(z,w)=Kg(z,w)+ c(w)Kg(z, a).
Using the fact that the left-hand side of the last relation vanishes at a, we
find
c(w)=−Kg(a,w)
Kg(a, a)
,
which yields (1). 2
COROLLARY 1. – Let g be a finite Blaschke product. If a→ eiθ , then
for any w ∈∆, g1(z)Kg1(z,w) converges in A2 to −eiθ g(z)Kg(z,w).
Proof. – Multiply (1) by g. We have
w¯− a¯
1− aw¯ g1(z)Kg1(z,w)= g(z)Kg(z,w)−
Kg(a,w)
Kg(a, a)
g(z)Kg(z, a).
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It is easily seen that∥∥∥∥Kg(a,w)Kg(a, a) g(z)Kg(z, a)
∥∥∥∥
A2
= |Kg(a,w)|
2
Kg(a, a)
.
It is also clear that Kg(a, a)→∞ as |a| → 1, since
Kg(a, a)=
(
sup
{∣∣f (a)∣∣: ∫
∆
∣∣f (z)∣∣2∣∣g(z)∣∣2 dA(z)6 1})2
> 1(∫
∆
|g(z)|2 dA(z)
|1−a¯z|2
)1/2
(1− |a|2)2 >
1
1− |a|2 .
At the same time for any w ∈ ∆ the function Kg(z,w) is bounded as
a function of z. This follows from the explicit expression of Kg(z,w)
obtained in [6] (cf also [3]). This implies that
Kg(a,w)
Kg(a, a)
Kg(z, a)→ 0 in A2, as a→ eiθ .
Since
w¯− a¯
1− aw¯ →−e
−iθ as a→ eiθ ,
we are done. 2
COROLLARY 2. – Let an = (a1,n, a2,n, . . . , am,n), n = 0,1,2, . . . , be
a sequence of vectors in Cm such that |ai,n < 1 for i = 1, . . . ,m, n =
0,1, . . . . Denote by Bn the Blaschke product of order m whose zeros
are a1,n, . . . , am,n. If an→ a0 in Cm as n→∞, then for each w ∈ ∆,
KBn(z,w) converges in H∞ to KB0(z,w).
Proof. – The result follows directly from the relation (1) using induc-
tion in m. Indeed, if m= 1 and Bn = z−a1,n1−a¯1,nz , the relation (1) yields
KBn(z,w)=
1− a1,nz
z− a1,n
1− a1,nw¯
w¯− a1,n
×
( 1
(1− zw¯)2 −
(1− |a1,n|2)2
(1− a1,nw¯)2(1− a1,nz)2
)
.
Now the stated convergence is verified directly.
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A similar argument works inductively for any number of zeros. Using
(1) we express KBn(z,w) in terms of kernels corresponding to a Blaschke
product whose number of zeros is one less than that of Bn. By induction
all terms on the right converge uniformly as n→∞ and this implies the
uniform convergence on the left. 2
COROLLARY 3. – Let z ∈ ∆n and Fz(w1, . . . ,wn) = cB(·) be the
minimal interpolation mapping from Proposition 1. Then for any τ ∈ ∆
the related mapping Φz(w1, . . . ,wn) = cB(·)KB(·, τ ) is a continuous
mapping from Cn into A2.
Proof. – The result follows directly from Corollary 1 and Corollary 2.
The following is the main result of this section.
LEMMA 2. – (i) Let f ∈ A2 and z1, . . . , zN ∈ ∆. There is a Blaschke
product B(z) of order at most N such that
ϕf (z)= 1
B(z)
(P[B]f )(z)
vanishes at z1, . . . , zN .
(ii) The same is true in H 2.
Proof. – Let g ∈ A2. We denote by L2a,g the closure of analytic
polynomials in L2(∆, |g|2 dA). It is easily seen that every point of the
unit disk ∆ is in the set of analytic bounded point evaluations of the
measure |g|2 dA. Thus (cf. [2, p. 63]), the reproducing kernel of L2a,g,
Kg(z,w), is analytic in z and antianalytic in w. Let Pg be the orthogonal
projector of A2 into [g]. We claim that for h ∈A2
P[g]h(·)= g(·)
∫
∆
h(z)g(z)Kg(z, ·)dA(z).(2)
Note that the integral in the right-hand side of (2) exists since g(·)Kg(·,w)
is in A2 for all w ∈∆. To verify (2) we note that g(·)Kg(·,w) ∈ [g] since
Kg(·,w) ∈L2a,g. Furthermore,
g(w)g(z)Kg(z,w)= Pg
( 1
(1− zw¯)2
)
.(3)
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Indeed, for any polynomial q we have∫
∆
q(z)g(z)g(w)g(z)Kg(z,w)dA(z)
= 〈q(·), g(w)Kg(·,w)〉L2a,g
= g(w)q(w)=
∫
∆
g(z)q(z)
(1−wz¯)2 dA(z).
Now, if h ∈A2, then
P[g]
(
h(·))=Pg(∫
∆
h(z)
(1− ·z¯)2 dA(z)
)
=
∫
∆
h(z)Pg
( 1
(1− z·¯ )2
)
dA(z)
=
∫
∆
h(z)g(·)g(z)Kg(z, ·)dA(z)
= g(·)
∫
∆
h(z)g(z)Kg(z, ·)dA(z),
which proves (2).
Fix N + 1 distinct points τ1, . . . , τN+1 in the unit disk. For each w ∈∆
consider the following mapping of the unit sphere of CN+1:
ϕτ,w :S2N+1→A2,
ϕτ,w(ξ)= Fτ (ξ)(·)KB(·,w),
where ξ = (ξ1, . . . , ξN+1) ∈ S2N+1, τ = (τ1, . . . , τN+1) ∈∆N+1 and
Fτ (ξ)(·)= Fτ (ξ1, . . . , ξN+1)(·)= cB(·)
is the minimal interpolation mapping from Proposition 1.
Finally, for ξ = (ξ1, . . . , ξN+1) ∈ S2N+1 write
hξ(w)=
∫
∆
f (z)ϕτ,w(ξ)(z)dA(z).
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Define the mapping G :S2N+1→CN by
G(ξ)= (hξ (z1), . . . , hξ (zN)).
This mapping is odd because the mapping of Proposition 1 is odd. By
Corollary 3, G is a continuous mapping. By the Borsuk–Ulam theorem
(Proposition 2) G vanishes at some point on S2N+1. Let
G(ξˆ)= 0,
and
Fτ (ξˆ )(·)= cˆBˆ(·).
Then ∫
∆
f (z)cˆBˆ(z)KBˆ(z, zj)dA(z)= 0, j = 1, . . . ,N.
Note that cˆ 6= 0 since ∑N+1j=1 |ξj |2 = 1 and cˆBˆ(z) interpolates w1, . . . ,
wN+1 at τ1, . . . , τN+1. Now (2) implies that
ϕf (z)= 1
Bˆ(z)
(PAP[Bˆ]f )(z)
vanishes at z1, . . . , zN .
The proof in the Hardy case goes along the same lines but is easier. If
g is an inner function, it is easy to verify that for any H 2-function h,
P[g]h(z)= g(z) 12pi
∫
T
h(w)g(w)
1
1− w¯z |dw|(4)
(here P[g] is the orthogonal projection in the Hardy space onto the z-
invariant subspace of this space). Then write
h˜ξ (w)= 12pi
∫
T
f (z)Fτ(ξ)(z)
1
1− z¯w |dz|
and
G˜(ξ)= (h˜ξ (z1), . . . , h˜ξ (zN))
and proceed similarly to the Bergman case. 2
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3. Proof of Theorems 1 and 2
Proof of Theorem 1. – The proofs in both the Hardy and Bergman cases
are identical, so we consider only the Bergman case. Let g be a projective
generator of defect n in A2. Fix w1, . . . ,wn+1 ∈ ∆. By Lemma 2, there
are a1, . . . , an+1 ∈∆ such that B(z)=∏n+1j=1 z−aj1−aj z satisfies
P[B]g(z)= B(z)ϕ(z), ϕ(wk)= 0, k = 1, . . . , n+ 1.
Of course, this implies that codim[B][P[B]g] > n + 1. Since g is a
projective generator of defect n, this yields
g ∈ [B]⊥.
Thus g(z) ∈ span{ 1
(1−akz)2 , k = 1, . . . , n+ 1}. 2
Proof of Theorem 2. – It immediately follows from Theorem 1 that
if g is a projective generator of A2, then it is a scalar multiple of the
Bergman kernel at some point a ∈∆. The converse was mentioned in the
introduction. We give here a formal proof of this result. Let w ∈ ∆ and
f (z) = 1
(1−w¯z)2 be the Bergman kernel at w. For any A
2
-function g we
have by (3)
P[g]f (z)= g(w)g(z)Kg(z,w).
It follows from [1] that if g(w) 6= 0, then g(z)Kg(z,w) generates [g].
Indeed, if g(0) 6= 0, then g(0)g(z)Kg(z,0) is the projection of 1 to
[g]. Therefore, this function is the extremal function of this z-invariant
subspace, and by [1] it generates [g]. Now write
ϕ(z)= 1− |w|
2
(1+ w¯z)2g
(
z+w
1+ w¯z
)
.
It is easily verified that
Kϕ
(
z−w
1− w¯z ,0
)
=Kg(z,w).
This, and what was stated above, immediately imply that gKg(z,w)
generates [g] if g(w) 6= 0.
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Thus we have proved that the orthogonal projection of the Bergman
kernel centered at w onto [g] generates [g] if g(w) 6= 0. If g(w) = 0,
then (3) implies that the projection of the kernel is identicaly equal to
zero, that is 1
(1−w¯z)2 is a projective generator of A2. 2
Remark 1. – The fact that the projection of a kernel function into a
singly generated z-invariant subspace either generates this subspace or
vanishes identicaly could be proved without using weighted kernels. This
follows from the fact that, for any automorphism of the diskm(z)= z−a1−a¯z ,
the mapping Ua :A2→A2 given by
Uaf (z)= (1− |a|
2)f ◦m(z)
(1− a¯z)2
is a unitary automorphism of A2 which maps the whole lattice of z-
invariant subspaces of A2 onto itself.
Remark 2. – It is easily seen that not any linear combination of (n+1)
Bergman kernels has defect n. For example, there is a linear combination
of 3 kernels which has 3 zeros in the unit disk. Of course, this implies that
its defect is no less than 3. It would be interesting to have a description
of the set of projective generators of A2 of defect n. Another question
concerns Lemma 2. By this result, for any given A2-function f we can
find a singly generated z-invariant subspace ofA2 such that the projection
of f onto this subspace has additional zeros on a given finite set.
Problem. – Is it true that for any given f ∈ A2 and an A2-zero set M
we can find a z-invariant subspace of A2 such that the projection of f
onto this subspace has additional zeros at every point of M?
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